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0 Background
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Yang-Baxter Equation

A set-theoretic solution to the Yang-Baxter equation is a set B and a
function R: B x B — B x B such that

Ri2R23R12 = Ro3Ri2Ao3

holds, where R : B x B x B — B x B x Bis R applied to the i and ji"
factors.

Let B be any set, and R(x,y) = (¥, x), x,y € B.

R12R23R12(X,y,2) = R12R23(yvxa Z) = R12(y7 Z, X) = (Z,y,X)
R23R12R23(X7yaz) = R23R12(X,Z,y) = R23(zaxvy) = (Z,y,X).

Alan Koch (Agnes Scott College) 4/ 40



R12R23R12 = RogR12R23

Let B be any group, R(x,y) = (v,y~ 'xy).

Ri2Ro3Ri2(X,y, 2) = RizRos(y. ¥y~ 'xy, 2)
= F{12(y,z z7 'y Txyz)
=(z,z Yyz,z7 'y xyz)
RosRi2Res(X, Y, 2) = ResRia(x, 2,27 y2)
= Ro3(z, 2 'xz,z7 yz)
=(z,z7'yz,(z 'yz) ' !

=(z,z 'yz, z7 'y Txyz).

xzz~yz)

Note that if B is abelian, then this is the previous example.
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RD(x,y) = (v, x), RA(x.y) = (y.y 'xy)

Let R be a solution to the YBE, and write
R(x,y) = (ox(¥), oy(X)).
We say R is:

@ non-degenerate it ox, 0, : B — B are bijections.
@ involutive if R? = 1g.

Both examples above are non-degenerate, R(") is involutive, but
RE(R®(x,y)) = RO(y,y 'xy) = (v 'xy,y'x 'yxy),

so R®) is not involutive unless B is abelian.
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(Skew left) braces

Skew left braces can be used to construct non-degenerate solutions to
the YBE.

A skew left brace is a triple B = (B, -, o) where

@ (B,-)is a group: the inverse to x is x~! and we write x - y as xy
unless it creates confusion.

@ (B, o) is a group: the inverse to x is X.

@ For all x, y, z € B the following identity holds, which we call the
brace relation:

xo(yz)=(xoy)x '(xoz).
In this talk, we will abbreviate “skew left brace” with “brace”.

Fact. The groups (B, ) and (B, o) share the same identity 15.
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Notation, notation

There does not yet appear to be a uniform notation:

@ Guarnieri and Vendramin, 2016 (arXiv): (B, -, o).

@ Bachiller, 2016 (arXiv): (B, x, -).

@ Childs, 2017 (NYJM): (G, -, 0).

@ Smoktunowicz, Vendramin, and Byott, 2017 (arXiv): (A, -, o).
@ Zenouz, 2018 (arXiv): (B, ®, ®).

@ Vendramin, 2018 (arXiv): (B, +, o).

@ Konovalov, Smoktunowicz, and Vendramin, 2018 (arXiv): (A, o, +),
which puts the operations in reverse order.

@ Childs, 2019 (arXiv): (G, o, x) order of the operations irrelevant
(bi-skew braces—coming tomorrow!).
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xo(yz)=(xoy)x'(xo2)

Some examples:

@ (B,-) any group, x o y = xy. We call this “the” trivial brace.
@ (B,-) any group, x o y = yx. We call this “the” almost trivial brace.
@ (B, )=S,, n>4, 7€ A, 72=1,and

som—l O o€ A,
| ot o €Ay

Note (B, o) = Sp.

@ (B,)=(r,s:r*=s%=rsrs = 1) = D, with

[ xy xorye(n
Xoy{ rPxy X,y ¢ (r)

Note (B, o) = Qg.
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Connection to the Yang-Baxter Equation

A brace B = (B, -, o) gives a non-degenerate set-theoretic solution to
the YBE: for x, y € B,

Ry (x,y) = (X‘1 (xoy),x'(xoy)oxo y) :
Exercise: Ry is involutive iff (B, -) is abelian.

Example (trivial brace)

Ru(x,y) = (v,y " xy).

Example (almost trivial brace)

R (x,y) = (x"yx,y).
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Connection with Hopf-Galois theory

Hopf-Galois structures on Galois field extensions give braces, and
conversely.

Let (G, =) be the Galois group of an extension L/K, let N < Perm(G)
be regular and G-stable (i.e., normalized by conjugation by
A G) < Perm(G)).

Let a: N — G be the bijection given by a(n) = n[1g]-

Define, for n,m € N,

nom=a '(a(n) *ga(r)).

Set B= N. Then B := (B, -, o) is a brace with (B,-) = N, and
(B, o) = (G, xg) via the isomorphism a.
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Alternatively

Given (G, xg), (N, xy) as above, let (B, o) = (G, xg) and define

g-h=a@'(g)+na '(h)

Then B, := (B, -, 0) is a brace with (B, o) = (G, xg), and
(B,-) = (N, *y) via the isomorphism a~.

In fact, the map a : B — B,y is a brace isomorphism (bijection,
preserves both operations).
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HGS give braces

The correspondence
{Hopf-Galois structures on L/K} — {Braces (B, -, o) with (B,0) = G}

is surjective but not injective.

Given a regular, G-stable subgroup N < Perm(G), denote its
corresponding brace by B(N).
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e The Opposite Brace
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Let L/K be Galois, group G.
Let N < Perm(G) be regular and G-stable.
Then N induces a Hopf-Galois structure on L/K.

Additionally, let

N’ = Centpgrm(g)(N) = {1’ € Perm(G) : n/'n = m for all n € N}.

Then N' = N is regular and G-stable, giving a HGS on L/K, different
from the HGS that N gives if N is nonabelian.

Question. How do B(N) and B(N') compare?
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Comparing braces

Recall [Greither-Pareigis]: N' = {¢, : n € N}, where n[g] = pg[n[13]]
and ug € N is uniquely determined by p4[1] = g.

Also, ¢, ¢r = ¢ry, and the map: n — Byt N — N’ is an isomorphism.

Let & : N' — G be the bijection ¢,, — ¢,[15]. Then

d(oy) = dyl1al = pnltell = nl1cl = a(n).
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Then B(N') = (N, -pr, 0').
By identifying N’ with N via the bijection ¢,, — n, we see that

B(N') = (N, -, 0) where
n-w=man.
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The opposite brace

Let B = (B, -, o) be any brace, and let

x-y=yx.

Then B’ := (B, "/, 0) is called the opposite brace to B.

Note: it is easy to show that the brace relation holds on %’.
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Historical note

In March, 2019 | gave a different definition for %, call it 8*.

B* = (B,-, ') where

—1

xoy= (x‘1 oy—1) = x(x71

oy)X.

One can show that the map B — B given by x — x~ ' is an
isomorphism of braces B* — 9B’.

The May opposite is an easier reformulation of the March opposite.
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Some properties

@ If (B,-) is abelian, B’ = B.
@ (B, ) has the same identity and inverses as (B, -).

@ If ¢ : B1 — B, is a morphism of braces, then it is also a morphism
B — B, of opposite braces since

o(x - y) = o(yx) = o(y)d(x) = d(x) - ().
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A simple example

Suppose B = (B, -, ) is the trivial brace.
Then B’ = (B, -/, -) is isomorphic to the almost trivial brace (B, -, ') by

the inverse map ¢ : (B,-,-') — (B,",-), «(x) = x~:

Woy)=x-y) =y xT =)

)
Uxoy)=uy -x) =0 =xTy T =ux)ouy).

Note. The regular subgroups of Perm(G) which produce 98 and B’ are
A(G) and p(G) respectively.
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e Applications
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Application #1: Back to YBE

If B’ 2 B, a brace now gives two set-theoretic solutions to the YBE:

Ry (x,y) = (x*1(x oy),x Y (xoy)o xOy>
R (x,y) = (x 1 (xoy),x T/ (xoy)oxoy)
= ((oyx " (xoyx—Toxoy).
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Rau(x,y) = (x'(xoy),x(xoy)oxoy)

Example

Let B be the trivial brace.
Then:

Rs(x,y) = (v.y 'xy)
Ry (X,y) = (xyx~ ', x).

Note. In this example, Ry ' = Ry'.
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Rau(x,y) = (x'(xoy),x(xoy)oxoy)

(B,-) = (r,s:r* = &% = rsrs = 1) = D, with

[ xy xorye(r)
Xoy_{r"‘xy X,y gy

Then:

B (v,y 'xy) xe(rioryer)

An(xy) = { (rPy.r’y 'xy)  xyé(n
B (xyx~1.x)  xe(ryoryer)

R%/(X,Y)—{ (rzxyx_1,f2X) X7y¢<r>

Remark. It takes more work, but it can be shown that R; = Ry
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But...

Recall (B,-) = Sp, >4, 7€ Ap, 72 =1, and

. om o€ Ap
com = :
ornt o & Ap

Suppose T = (12)(34). Then
R R ((12), (123)) = Rw((142), (24)) = ((24), (132))

So Ry' # Ry in general.

Alan Koch (Agnes Scott College) 26 /40



Application #2: Back to HGS

Let L/K be Galois, group G, and suppose H is a Hopf algebra which
acts on L such that L/K is a Hopf-Galois extension.

Then each sub-Hopf algebra of H corresponds to an intermediate field
of L/K.

This assignment is injective, but not necessarily surjective
[Greither-Pareigis].

Let B = (B, -, o) be the corresponding brace.

Last year, in Omaha, Lindsay discussed the image of this
correspondence using “o-stable subgroups" of the 2.
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o-stable subgroups: What Lindsay did

A subgroup C < (B, -) is o-stable if, forall c € C,x € B,

(xoc)x'ecC.

A o-stable subgroup C of (B, -) is also a subgroup of (B, o), so (C,-,0)
is a sub-brace of 8.

Sub-Hopf algebras, hence the intermediate fields obtained via H, are
in 1-1 correspondence with o-stable subgroups.
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Left ideals: What Bachiller did

A subgroup D < (B,-) is a left ideal if, for all d € D, x € B,

x'(xod)eD.

A left ideal is also a subgroup of (B, o), hence a sub-brace.

People seem to care about these—for example, there’s a “YangBaxter”
GAP package with commands such as Leftldeals, which computes all
of the left ideals of a given brace.
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(xoc)x1eC, x ' (xod)e D

Clearly:

Proposition

C is a o-stable subgroup in B iff it is a left ideal in 25'.

Wild idea.

If we were to re-define the brace corresponding to (N, xy) < Perm(G)
to have dot operation

T =TANT)

and the circle operation as before, then the left ideals would give the
intermediate fields directly.
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e Self-Opposite Braces
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Abelian case

We say B = (B, -, 0) is abelian if (B, -) is abelian. (Called a “left brace”
in the literature.)

If B is abelian, then the identity map is an isomorphism (B,-) — (B, )
which respects o.

Hence B’ =~ 8.

More generally (i.e., B not necessarily abelian), whenever 8’ = 98 we
say ‘B is self-opposite.

If 98 is self-opposite:

@ Only one solution to YBE.

@ Intermediate fields found using left ideals.
Question. Are there non-abelian self-opposite braces?
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Yes.

Let (G, -) be any group.
Let B= G x G and define

(x1,%2) o (Y1, ¥2) = (X1 )1, YaXe).

It is easy to show (B, -, 0) is a brace and that
T:B— B, T(xy,X2) = (X2, Xq)

is a brace isomorphism B’ — 8.

More generally, for any brace 96 we have

(B xB') =B x BB xPB.
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When is % self-opposite?

One strategy: compute Aut(B, o), and for each ¢ € Aut(B, o) determine
whether o(xy) = (y)e(X).

Example
Forn>4, n#6,letB = (B,-,0) with (B, ) = S, and

om o e A,
com = .
ornt o & Ap

All automorphisms of (B, o) = S, are inner. Let p(c) = yoy~', v € Sy
Then
#((123) - (12)) = p((13)) = v(13)7"
0((123)) 7 ((12)) = (v(12v ") / (v(123)y7 ")
= (v(123)y") - (v(12)y7") = +(23)y "

SO ¢ is not an isomorphism B — B’ and B is not self-opposite.

—~
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Self opposite investigation: L-pairs and R-pairs

We say (x,y) € B x Bis an L-pairof B if x o y = xy, equivalently, y is
fixed by the bijection L given by

Ly(y)=x""(x0y).

Similarly, if x o y = yx we call (x, y) an R-pair of B.
Clearly, an L-pair of B is an R-pair of 8’ and vice versa.

Thus, if B is self-opposite, |£| = |R|.
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An example

As before, let (B,-) = (r,s: r* = 8% = rsrs = 1) = D, with

[ xy xorye(r)
Xoy_{ rPxy X,y ¢(r)

Then |£] = 48 (trivial computation).
What is |R|?

@ rlor =r* =rrforall i,j: 16 pairs

@ rioris =rtis = risriiff i is even: 8 pairs

@ risor =r-is=ririsiff jis even: 8 pairs

@ risors=r?t-I = rdsrisiff i # j (mod 2): 8 pairs.

So |R| = 40 and ‘B is not self-opposite.
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e Open Questions
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@ Is there an elegant way to relate Ry and Ry/?
Elegant: Given Ry(x, y) = (u, v), a nice formula to Ry (X, y) in
terms of u and v.
(Failed conjecture: Ry = TR T, T(Xx,y) = (¥, X).)
Best | have right now: Ry/(x,y) = (uo v)x~ ', (uov)x—1ouov).
© Can we develop “nice” necessary and sufficient conditions to
determine whether 8 is self-opposite?
© Do Hopf Galois structures which correspond to self-opposite
braces have interesting properties?
(For example: if B is self-opposite, intermediate fields correspond
to left ideals.)
© Is there any value to the “classic” definition of opposite, 8*?
Philosophically:
B, B’ fix G, vary N.
B, B*: fix N, vary G.
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Last question

© The construction of B’ was motivated to understand the opposite
HGS given by N'—specifically, the Hopf algebra structure of L[N]€.
What insight does 8’ give us?

We’'ll talk about this again on Thursday.
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Thank you.
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